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The magnetic field integral equation based method of moments (MoM)
with the Kirchhoff approximation can predict the interior scattering
from cavities with impedance boundary condition (IBC) walls.
However, if the IBC wall is a small part of the whole wall and is modi-
fied multiple times, the conventional MoM may be time-consuming
due to the repeated and expensive lower–upper (LU) decompositions
of impedance matrices. In this Letter, the Sherman–Morrison–
Woodbury (SMW) formula is used to mitigate the problem. The
authors only require to perform the LU decomposition of the cavity
without IBC walls, and to efficiently obtain the solutions of the
cavity with different IBC walls by reusing the LU decomposition
and the SMW formula.
Introduction: The prediction of the interior scattering from open-ended
cavities is an important aspect in designing stealthy engine inlets
and nozzles. Previous research [1–3] shows that the magnetic field
integral equation (MFIE) with the Kirchhoff approximation (KA) [1,
4] can be used to calculate the interior scattering from cavities. To
solve the MFIE, the iterative physical optics (IPO) [1] and the method
of moments (MoM) [2, 3] can be applied. However, the MoM can
give more accurate results than the IPO for complex cavities [2]. If
the cavity wall is imperfectly conducting or coated with thin dielectric
sheet, the impedance boundary condition (IBC) [5] model can be
employed [6, 7]. In practice, the IBC wall may be a relatively
small part of cavity wall, and its area and surface impedance may be
repeatedly modified to realise better radar cross section (RCS) reduction.
However, the conventional MoM [2] is time-consuming for this type
of application because of the repeated solutions of matrix equations.
In this Letter, the Sherman–Morrison–Woodbury (SMW) formula-
based technique [8–10] is applied to circumvent this problem.

Formulations: As shown in Fig. 1, a cavity with partial IBC wall illu-
minated by a plane wave Ei, Hi

( )
is considered. The equivalent electric

current J(r) and magnetic current M(r) on the cavity’s interior walls Sc
satisfy the MFIE as follows [6, 7]:

n̂(r)×Hi
a(r) =

J(r)

2
− n̂(r)× P.V.

∫
Sc

J(r′)×∇G(r, r′)ds′

+ jk

h
n̂(r)×

∫
Sb

Ḡ(r, r′) ·M(r′)ds′
(1)

where k, h, G and Ḡ are the wavenumber, impedance, Green’s function
and dyadic Green’s function in free space, respectively. The unit normal
vector n̂(r) points into the cavity. P.V.

�
denotes the principal value of

the integral. M(r) and J(r) on the IBC wall Sb satisfy the relationship

M(r) = −n̂(r)× hrhJ(r) (2)

where hr is the normalised surface impedance.
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Fig. 1 Cavity with partial IBC wall is illuminated by plane wave

In order to estimate the interior scattering from the cavity, the incident
magnetic field Hi

a(r) on Sc is evaluated by the KA [1, 4] as

Hi
a(r) ≃ −

∫
Sa

Ji(r′)×∇G(r, r′)ds′ − jk

h

∫
Sa

Ḡ(r, r′) ·Mi(r′)ds′ (3)
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where Ji(r) = n̂(r)×Hi(r) and Mi(r) = Ei(r)× n̂(r) are the equivalent
electric and magnetic current induced by the incident plane wave.

In order to solve (1) and (2), the RWG basis functions are used to
expand J(r) and M(r) [11]

J(r) =
∑N
n=1

Inf n(r), M(r) = h
∑Nibc

n=1

Pngn(r). (4)

where N and Nibc are the numbers of RWG for expanding J(r) andM(r),
respectively. And Nibc<<N, because we assume the IBC wall is a small
part of the whole cavity wall.

Then, (1) and (2) are discretised by the MoM into the matrix
equations

ZI + CP = V (5)

DP = RI (6)

where I and P include the unknown coefficients. The sizes of Z, C, D
and R are N × N , N × Nibc, Nibc × Nibc and Nibc × N , respectively.
The elements in Z, C, D and R are

Zmn = 1

2

∫
fm(r) · f n(r)ds−

∫
fm(r)× n̂(r) · P.V.

∫
∇G(r, r′)× f n(r

′)ds′ds

(7)

Cmn = jk

∫
fm(r)× n̂(r) ·

∫
Ḡ(r, r′) · gn(r′)ds′ds (8)

Dmn =
∫
gm(r) · gn(r)ds (9)

Rmn = −
∫
hr(r)gm(r) · n̂(r)× f n(r)ds (10)

we can compute I before P and the solutions of (5) and (6) are

I = Z+ CD−1R
( )−1

V (11)

P = D−1RI (12)

It can be found that the lower–upper (LU) decomposition of
Z+ CD−1R has to be performed each time the area or the surface impe-
dance of the IBC wall is modified. Thus, the conventional MoM is time-
consuming for such application. In this Letter, the SMW formula [8–10]
is employed to address this problem. According to the SMW formula
[10], (11) can be rewritten as

I = Z−1V
( )− Z−1C

( )
D+ RZ−1C
( )−1

R Z−1V
( )

(13)

it can be seen that the LU decompositions of Z and D+ RZ−1C need to
be computed. Although the size of Z is the same as the size of
Z+ CD−1R, the LU decomposition of Z needs to be calculated only
once and can be reused for different IBC walls. Furthermore, the size
of D+ RZ−1C is much smaller than the size of Z+ CD−1R, because
Nibc<<N. Thus, (13) is much more efficient than (11) when the IBC
wall is modified multiple times.

After the wall electric and magnetic current is found, as done in [1, 2],
the KA [1, 4] is applied again to estimate the RCS contributed by the
cavity interior scattering

Es
in(r) ≃ −jkh

∫
Sa

Ḡ(r, r′) · Js(r′)ds′ +
∫
Sa

Ms(r′)×∇G(r, r′)ds′ (14)

where Js(r) = Hs(r)× (− n̂(r)) and Ms(r) = (− n̂(r))× Es(r) are the
equivalent electric and magnetic current at the aperture. Es(r) and
Hs(r) are the scattering field from J(r) and M(r)

Es(r) = −jkh

∫
Sc

Ḡ(r, r′) · J(r′)ds′ +
∫
Sc

M(r′)×∇G(r, r′)ds′ (15)

Hs(r) = −
∫
Sc

J(r′)×∇G(r, r′)ds′ − jk

h

∫
Sc

Ḡ(r, r′) ·M(r′)ds′ (16)

Numerical results: The normalised monostatic RCS of cavities are
computed on the computer with Intel Core i9-9900k CPU. The incident
plane waves are u-polarised for all examples.
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First, in order to verify the correctness of our code, a 4l× 4l IBC
cylindrical cavity is calculated and compared with the IPO solution
[7]. The normalised surface impedance of all the interior walls is
0.0797−j0.0050 [7]. The wall and the aperture of the cavity are
modelled by 5451 RWG basis functions and 771 triangles, respectively.
Fig. 2 shows the calculated RCS by our code and the IPO in [7]. It is
apparent that the results are consistent.
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Fig. 2 Monostatic RCS of 4l× 4l IBC cylindrical cavity

Next, the monostatic RCS of a cavity with an IBC wall is simulated.
The shape of the cavity is shown in Fig. 3, and it is obtained by the
Boolean subtraction of two rectangular cavities: 6l× 4l× 8l and
2l× 4l× 2l. The area of the IBC wall is 2l× 4l. The normalised
surface impedance hr of the IBC wall is set to different values: 0.0,
0.2, 0.4, 0.6, 0.8. It should be noted that the IBC wall is equivalent to
a PEC wall if hr = 0.0. The aperture is discretised into 1334 triangles,
all cavity walls are modelled by 14,923 RWG and the IBC wall contains
669 RWG. Fig. 3 shows the RCS results of this simulation computed by
the proposed method and the conventional MoM-KA. It can be seen that
the results are in good agreement. Table 1 compares the CPU time of the
proposed method and the conventional MoM-KA. The two methods
take the same time to calculate the voltage and impedance matrices,
and to solve the cavity without IBC walls hr = 0.0

( )
. However, the

CPU time for solving the cavity with different IBC walls is cut down
82% by the proposed method.

0 5 10 15 20 25 30 35 40 45
–5

0

5

10

15

20

25

30

35

40

45

4λ

8λ 6λ

2λ

PEC

IBC

x̂ ŷ
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Fig. 3 Monostatic RCS of cavity with IBC wall and normalised surface
impedance has different values

Table 1: Comparison of CPU time of different methods
MoM-KA
ELECTR
Prop. method
generation of voltage and impedance matrix
 127 s
solution of PEC cavity hr = 0.0
( )
78 s
solution of cavity with different IBC walls
 353 s
 63 s
ONICS LETTERS
Conclusion: An efficient method is presented to predict the interior
scattering from a PEC cavity with different and small IBC walls.
The method uses MFIE with KA [1–3] to estimate the cavity interior
scattering, and uses the SMW formula [8–10] to avoid the
repeated and expansive LU decompositions when the IBC wall is modi-
fied multiple times. Numerical results show that the method can
save considerable amount of CPU time compared with the
conventional MoM.
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